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This study is intended to provide a numerical algorithm for solving a one-dimensional
inverse heat conduction problem. The given heat conduction equation, the boundary con-
ditions, and the initial condition are presented in a dimensionless form. The numerical
approach is developed based on the use of the solution to the auxiliary problem as a basis
function. To regularize the resultant ill-conditioned linear system of equations, we apply
the Tikhonov regularization method to obtain the stable numerical approximation to the
solution.
 2009 Elsevier Inc. All rights reserved.1. Introduction
Inverse heat conduction problems (IHCPs) appear in many important scientiﬁc and technological ﬁelds. Hence analysis,
design implementation and testing of inverse algorithms are also are great scientiﬁc and technological interest. Mathemat-
ically, the inverse problems belong to the class of problems called the ill-posed problems, i.e. small errors in the measured
data can lead to large deviations in the estimated quantities. As a consequence, their solution does not satisfy the general
requirement of existence, uniqueness, and stability under small changes to the input data. To overcome such difﬁculties,
a variety of techniques for solving IHCPs have been proposed. To date, various methods have been developed for the analysis
of the inverse problems from measured temperatures inside the material [1–6].
In this paper a meshless approach based on the use of fundamental solution as radial basis functions (RBF) for solving an
IHCP is developed. Comparing with other methods such as ﬁnite element and ﬁnite differences methods, our proposed meth-
od does not require any domain discretization [2].
In this work, we seek to determine an unknown boundary condition that depend only on the heat in a conduction heat
transfer equation.
2. Description of the problem
In this section we consider the following IHCP, in the dimensionless formTtðx; t ¼ Txxðx; tÞ; 0 < x < 1; 0 < t < tfin; ð1Þ
Tðx; 0Þ ¼ wðxÞ; 0 6 x 6 1; ð2Þ
Tð0; tÞ ¼ pðtÞ; 0 6 t 6 tfin; ð3Þ
Tð1; tÞ ¼ qðtÞ; 0 6 t 6 tfin; ð4Þ. All rights reserved.
holi), rostamiyan@dubs.ac.ir (M. Rostamian).
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where wðxÞ is continuous known function, qðtÞ is inﬁnitely differentiable known function and tfin represent the ﬁnal time of
interest for the time evolution of the problem, while the temperature Tð0; tÞ ¼ pðtÞ and heat ﬂux Txð0; tÞ are unknown which
remain to be determined from some interior temperature measurements. The problem (1)–(5) may be divided into two sep-
arate problems, as shown in Fig. 1.
The ﬁrst problem isTtðx; tÞ ¼ Txxðx; tÞ; x1 < x < 1; 0 < t < tfin; ð6Þ
Tðx;0Þ ¼ wðxÞ; x1 6 x 6 1; ð7Þ
Tðx1; tÞ ¼ gðtÞ; 0 6 t 6 tfin; ð8Þ
Tð1; tÞ ¼ qðtÞ; 0 6 t 6 tfin: ð9ÞThis problem may be analyzed as a direct problem, for the portion of the body from x ¼ x1 to x ¼ 1 with known boundary
conditions. There is a unique stable solution to the direct problem (6)–(9) and may be found in the [7]. The second problem is
the following IHCPTtðx; tÞ ¼ Txxðx; tÞ; 0 < x < x1; 0 < t < tfin; ð10Þ
Tðx;0Þ ¼ wðxÞ; 0 6 x 6 x1; ð11Þ
Tðx1; tÞ ¼ gðtÞ; 0 6 t 6 tfin: ð12ÞIn the next section, the above IHCP will be considered, the heat in the body and heat ﬂux at the boundary x ¼ 0 will be ob-
tained by solving this problem numerically.
3. Numerical procedures
To solve the inverse problem (10)–(12), let us consider the following auxiliary problemTtðx; tÞ ¼ Txxðx; tÞ; 0 < x < x1; 0 < t < tfin; ð13Þ
Tðx;0Þ ¼ wðxÞ; 0 6 x 6 x1; ð14Þ
Tðx1; tÞ ¼ gðtÞ; 0 6 t 6 tfin; ð15Þ
Txðx1; tÞ ¼ kðtÞ; 0 6 t 6 tfin; ð16Þwhere kðtÞ can be obtained from the solution of the direct problem (6)–(9). There is a unique solution to the problem (13)–
(16) [1], as following formTðx; tÞ ¼
X1
n¼0
dngðtÞ
dtn
ðx x1Þ2n
ð2nÞ! þ
dnkðtÞ
dtn
ðx x1Þ2nþ1
ð2nþ 1Þ!
" #
: ð17ÞThe solution (17), exists and is unique but not always stable [6]. Therefore by using basis functions, a stable solution for an
IHCP (13)–(16) will be presented.
Discretization of the initial condition and boundary conditions [2] of the problem (13)–(16) at the points ðxj; tjÞ, may be
obtain by the following equationsTðxj; 0Þ ¼ wðxjÞ; j ¼ 1;2; . . . ;n; ð18Þ
Tðx1;tjnÞ ¼ gjn; j ¼ nþ 1;nþ 2; . . . ; nþm; ð19Þ
Txðx1; t^jnmÞ ¼ kjnm; j ¼ nþmþ 1; . . . ; nþmþ l; ð20Þwhere tjn and t^jnm denote the discrete values of times.
Now, assume that s > tfin is a constant. The time shift functionFig. 1. Inverse heat conduction problem (1)–(5).
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is also a solution of the problem (13)–(16). Therefore an approximate solution [3] of problem (13)–(16) can be expressed as
the following formeT ðx; tÞ ¼ Xnþmþl
j¼1
kjuðx xj; t  tjÞ; ð22Þwhere uðx; tÞ is given by (21) and kj are unknown constants which remain to be determined.
It should be point out that rather than the base function represents in [2], the base function (21) satisﬁes the problem
(13)–(16). Putting (22) into Eqs. (18)–(20), we ﬁndeT ðxi; tiÞ ¼ Xnþmþl
j¼1
kjuðxi  xj; ti  tjÞ
¼ wðxiÞ; i ¼ 1;2; . . . ; n;
gin; i ¼ nþ 1;nþ 2; . . . ; nþm

ð23Þandparison between exact and BFM, FSM, FDM, and SFDM solutions for Tð0; tÞ with noiseless data.
Exact BFM FSM FDM SFDM
0.904837418 0.904837418 0.904839370 0.9033859 0.9228582
0.740818220 0.740818220 0.740818689 0.7396719 0.7555724
0.606530659 0.606530659 0.606530801 0.6055922 0.6186104
0.496585303 0.496585303 0.496585292 0.4958169 0.5064753
0.406569659 0.406569659 0.406569906 0.4059406 0.4146669
parison between exact and BFM, FSM, FDM, and SFDM solutions for Txð0; tÞ with noiseless data.
Exact BFM FSM FDM SFDM
0 2:1953 1010 9:3118 106 7:5644 103 1:6443 102
0 1:7973 1010 2:1163 106 5:7856 103 1:3462 102
0 1:4715 1010 1:0340 106 4:7369 103 1:1022 102
0 1:2048 1010 þ2:4127 107 3:8782 103 9:0243 103
0 9:8664 1011 1:0900 106 3:1752 103 7:3885 103
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Fig. 2. The comparison between the exact and numerical results of the problem (33)–(37) with discrete noiseless data.
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@x
ðxi; tiÞ ¼
Xnþmþl
j¼1
kj
@u
@x
ðxi  xj; ti  tjÞ
¼ kinm; i ¼ nþmþ 1;nþmþ 2; . . . ; nþmþ l: ð24Þ
In matrix form, we obtain the following algebraic system of equations with unknown coefﬁcients kj,Ak ¼ B; ð25Þ
whereA ¼
uðxi  xj; ti  tjÞ
uðxk  xj; tk  tjÞ
@u
@x ðxc  xj; tc  tjÞ
0B@
1CA
ðnþmþlÞðnþmþlÞ
ð26Þand0 0.2 0.4 0.6 0.8 1
−0.02
−0.01
0
0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
Tx(0,t)
Exact
BFM
SFDM
FSM
FDM
Fig. 3. The comparison between the exact and numerical results of the problem (33)–(37) with discrete noiseless data.
parison between exact and BFM, FSM, FDM, and SFDM solutions for Tð0; tÞ with noisy data.
Exact BFM FSM FDM SFDM
0.9048374 0.9056174 0.9209046 0.9154822 0.9310741
0.7408182 0.7414567 0.7343993 0.7498199 0.7571851
0.6065307 0.6070535 0.6010856 0.6082665 0.6188762
0.4965853 0.4970133 0.5022082 0.4952106 0.5090560
0.4065697 0.4069201 0.4265330 0.4315512 0.4212207
parison between exact and BFM, FSM, FDM, and SFDM solutions for Txð0; tÞ with noisy data.
Exact BFM FSM FDM SFDM
0 0.0050956 0.0085405 0.0337802 0.0476570
0 0.0041719 +0.0312633 0.0151436 0.0605571
0 0.0034157 +0.0037015 0.0973738 0.0210397
0 0.0027965 0.0219729 0.0339267 0.0624335
0 0.0022896 0.0389132 0.0099006 0.0370782
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k1
k2



knþmþl
0BBBBBBBB@
1CCCCCCCCA
ðnþmþlÞð1Þ
; B ¼
wðxiÞ
gkn



kcnm
0BBBBBBBB@
1CCCCCCCCA
ðnþmþlÞð1Þ
ð27Þwhere i ¼ 1;2; . . . ;n, j ¼ 1;2; . . . ;nþmþ l, k ¼ nþ 1;nþ 2; . . . ; nþm, and c ¼ nþmþ 1;nþmþ 2; . . . ; nþmþ l.
The Cholesky Decomposition algorithm is used to solving Eq. (25), and the solutionkT ¼ k1 k2    knþmþlð Þ ð28Þ
will be obtained. But, mathematically, IHCPs belong to the class of ill-posed problems. Errors and noise in the data can there-
fore be mistaken as signiﬁcant variations of the surface state by the estimation procedure. Therefore the solution of Eq. (25)0 0.2 0.4 0.6 0.8 1
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Fig. 4. The comparison between the exact and numerical results of the problem (33)–(37) with discrete noisy data.
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Fig. 5. The comparison between the exact and numerical results of the problem (33)–(37) with discrete noisy data.
Table 5
The comparison between exact and BFM, FSM, FDM, and SFDM solutions for Tð0; tÞ with noiseless data.
t Exact BFM FSM FDM SFDM
0.1 1.3706400 1.3706442 1.3857342 1.3120944 1.4189298
0.3 0.8723884 0.8723989 0.8802165 0.8422776 0.8980560
0.5 1.0206705 1.0206703 1.0243216 1.0021023 1.0432764
0.7 1.5916201 1.5916133 1.5932585 1.5782382 1.6225598
0.9 2.4846475 2.4846480 2.4855032 2.4735959 2.5316474
Table 6
The comparison between exact and BFM, FSM, FDM, and SFDM solutions for Txð0; tÞ with noiseless data.
t Exact BFM FSM FDM SFDM
0.1 2.6812801 2.6811416 2.6047118 2.9994636 2.7364354
0.3 1.2047769 1.2047477 1.1675152 1.3610092 1.2249949
0.5 0.5413411 0.5413436 0.5240925 0.6367341 0.5475128
0.7 0.2432403 0.2432393 0.2354243 0.3112963 0.2447526
0.9 0.1092949 0.1092749 0.1053256 0.1650676 0.1103656
Table 7
The comparison between exact and BFM, FSM, FDM, and SFDM solutions for Tð0; tÞ with noisy data.
t Exact BFM FSM FDM SFDM
0.1 1.3706400 1.3734050 1.4061831 1.3191483 1.4285514
0.3 0.8723884 0.8765026 0.8414366 0.8557819 0.9025249
0.5 1.0206705 1.0239139 1.0601262 1.0125934 1.0473113
0.7 1.5916201 1.5942992 1.6521112 1.5874375 1.6326147
0.9 2.4846475 2.4882040 2.4478128 2.4896557 2.5318592
Table 8
The comparison between exact and BFM, FSM, FDM, and SFDM solutions for Txð0; tÞ with noisy data.
t Exact BFM FSM FDM SFDM
0.1 2.6812801 2.6781406 2.6325941 2.9974661 2.7816274
0.3 1.2047769 1.2050073 1.1397188 1.3107663 1.2966299
0.5 0.5413411 0.5446280 0.5490856 0.6397719 0.6065454
0.7 0.2432403 0.2494427 0.2104819 0.2988561 0.2606561
0.9 0.1092949 0.1183495 0.1233801 0.1307223 0.1750714
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Fig. 6. The comparison between the exact results and the present numerical results of the problem (38)–(42) with discrete noiseless data.
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for controlling this noise propagation. The Tikhonov regularized solution [8–10] to the system of linear algebraic equation
(25) is given byka : FaðkaÞ ¼min
k
FaðkÞ;
where Fa represents the zeroth order Tikhonov functional given byFaðkÞ ¼ kAk Bk22 þ a2kkk22:
Solving rFaðkÞ ¼ 0 with respect to k, then we obtain, the Tikhonov regularized solution of the regularized equationka ¼ ðATAþ a2IÞ1ATB: ð29Þ
In our computation we use the L-curve scheme to determine a suitable value of a [9,10]. Therefore The regularized solution
of linear algebraic Eq. (25) is given by (29). Furthermore, the stable solution for an IHCP (13)–(16) will be obtain by0 0.2 0.4 0.6 0.8 1
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Fig. 7. The comparison between the exact results and the present numerical results of the problem (38)–(42) with discrete noiseless data.
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Fig. 8. The comparison between the exact results and the present numerical results of the problem (38)–(42) with discrete noisy data.
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j¼1
kaj uðx xj; t  tjÞ; ð30Þ
eT ð0; tÞ ¼ Xnþmþl
j¼1
kaj uð0 xj; t  tjÞ; ð31Þ
@eT
@x
ð0; tÞ ¼
Xnþmþl
j¼1
kaj
@u
@x
ð0 xj; t  tjÞ: ð32Þ4. Numerical results and discussion
In this section, we are going to demonstrate some numerical results for the temperature Tð0; tÞ ¼ pðtÞ and heat ﬂux
Txð0; tÞ in the inverse problem (1)–(5). All the computations are performed on the PC (pentium (R) 4 CPU 3.20 GHz).
Example 1. In this example let us consider the following one-dimensional inverse parabolic problem,Ttðx; tÞ ¼ Txxðx; tÞ; 0 < x < 1; 0 < t < 1; ð33Þ
Tðx;0Þ ¼ cos x; 0 6 x 6 1; ð34Þ
Tð0; tÞ ¼ pðtÞ; 0 6 t 6 1; ð35Þ
Tð1; tÞ ¼ expðtÞ cosð1Þ; 0 6 t 6 1 ð36Þand the overspeciﬁed conditionTð0:2; tÞ ¼ expðtÞ cosð0:2Þ; 0 6 t 6 1; ð37Þ
where the temperature Tð0; tÞ ¼ pðtÞ and heat ﬂux Txð0; tÞ are unknown which remain to be determined.
The exact solution of this problem is
Tðx; tÞ ¼ expðtÞ cos xandTxðx; tÞ ¼  expðtÞ sin x:
Tables 1 and 2 and Figs. 2 and 3 show the comparison between exact solution and approximate solutions result from our
interest base function method (BFM), fundamental solution method presented in [2] (FSM), ﬁnite difference method (FDM)
and semi ﬁnite difference method (SFDM) developed in [11,12] with noiseless data, and Tables 3 and 4 and Figs. 4 and 5
show the comparison between exact and foregoing approximate solutions with noisy data when n ¼ 11, m ¼ 11, l ¼ 11
and s ¼ 1:01, for the problem (33)–(37).
Example 2. In this example let us consider the following one-dimensional inverse parabolic problem,0 0.2 0.4 0.6 0.8 1
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Fig. 9. The comparison between the exact results and the present numerical results of the problem (38)–(42) with discrete noisy data.
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Tðx; 0Þ ¼ 2ðsin 2xþ cos 2xÞ þ 1
4
x4; 0 6 x 6 1; ð39Þ
Tð0; tÞ ¼ pðtÞ; 0 6 t 6 1; ð40Þ
Tð1; tÞ ¼ 2expð4tÞðsin 2þ cos 2Þ þ 3 t2 þ t þ 1
12
 
; 0 6 t 6 1; ð41Þand the overspeciﬁed conditionTð0:2; tÞ ¼ 2expð4tÞðsinð0:4Þ þ cosð0:4ÞÞ
þ 3 t2 þ 0:04t þ 0:0016
12
 
; 0 6 t 6 1; ð42Þwhere the temperature Tð0; tÞ ¼ pðtÞ and heat ﬂux Txð0; tÞ are unknown which remain to be determined.
The exact solution of this problem isTðx; tÞ ¼ 2expð4tÞðsin 2xþ cos 2xÞ þ 3 t2 þ tx2 þ 1
12
x4
 andTxðx; tÞ ¼ 2expð4tÞð2 cos 2x 2 sin2xÞ þ 3 2txþ 13 x
3
 
:Tables 5–8 and Figs. 6–9 show the comparison between exact and approximate solutions for the problem (38)–(42) with
noiseless data and discrete noisy data respectively when n ¼ 11, m ¼ 11, l ¼ 11 and s ¼ 1:2.5. Conclusion
A numerical method, to estimate unknown boundary conditions is proposed for these kinds of IHCPs and the following
results are obtained.
1. The present study, successfully applies the numerical method to IHCPs.
2. Numerical results show that an excellent estimation can be obtained within a couple of minutes CPU time at pentium (R)
4 CPU 3.20 GHz.
3. The present method has been found stable with respect to small perturbation in the input data.
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